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Abstract. We show that if a Leray-Hopf solution u to the 3D Navier- 
Stokes equation belongs to C((0, T]; B^^^) or its jumps in the B^^- 
^ . norm do not exceed a constant multiple of viscosity, then u is regular on 

(0, T]. Our method uses frequency local estimates on the nonlinear term, 
i and yields an extension of the classical Ladyzhenskaya-Prodi-Serrin cri- 

' terion. 

< 

^ ■ 1. Introduction 

> . 
c3 , 

We study the 3D incompressible Navier-Stokes equations (NSE) 

{dtU-u/\u+{u-W)u + Wp = Q, a;eM^^>0, 
V-w = 0, 
m(0) = Mo, 

O ■ where u{x,t), the velocity, and p{x,t), the pressure, are unknowns, uq G 

^ ! L^(M^) is the initial condition, and z/ > is the kinematic viscosity coeffi- 

; cient of the fluid. 

In 1934 Leray f9) proved that for every divergence-free initial data uq E 
O ■ L^(]R^) there exists a weak solution to the system ([T]) on [0, oo) with n(0) = 

Uq. Moreover, one can find a weak solution satisfying the energy inequality 
(see Section O, called the Leray-Hopf solution. 



X 

^ ■ A famous open question, equivalent to one of the millennium problems, 

is whether all Leray-Hopf solutions to © on [0, cxo) with smooth initial data 
are regular. A weak solution u(t) is called regular if is continu- 

ous. Even though the regularity problem is far from been solved, numerous 
regularity criteria were proved since the work of Leray. The first result of 
this kind is due to Leray in the case (see also Ladyzhenskaya, Serin, and 
Prodi [|TOl [T2l ITTll in the case of a bounded domain). It states that every 
Leray-Hopf solution m to © with u E L''{{0, T)]^) is regular on (0, T] 
provided 2/r + 3/s = 1, s E (3, oo]. The limit case r = oo appeared to 
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be more challenging. First, Leray LIOJ showed that Leray-Hopf solutions in 
L°°((0, T); LP) are regular provided p > 3. Later von Wahl [fT3l and Giga 
[|71 increased the regularity space to C((0, T]; L^), and, finally, Esperanza, 
Seregin, and Sverak [5J increased it further to L°°((0, T); L^). 

Due to this remarkable result, if a solution looses regularity, then its L^- 
norm blows up. The space L^, as well as all the other critical spaces for the 
3D NSE (see Cannone is continuously embedded in the Besov space 
-^oo^oo- Hence, a natural question is whether i?~^^-norm has to blow up if 
a solution looses regularity. In this paper we prove a slightly weaker state- 
ment. Namely, if a Leray-Hopf solution m to ([T]) is continuous in on 
the interval (0,T], then u is regular on (0,T]. In fact we will prove that 
regularity of the solution is guaranteed even if u is discontinuous but all its 
jumps are smaller than a constant proportional to the viscosity (see Theo- 
rem [3TT]). Thus, discontinuities of a limited size are allowed. As a conse- 
quence, we conclude that Leray-Hopf solutions with _B^^^-norm bounded 
by cu are regular. This last result will also be shown in the "almost every- 
where" version (see Corollary 13. 31) . 

A related direction in the study of the 3D NSE concerns solutions with 
small initial data. The best present result due to Koch and Tataru [8J states 
that if the initial data is small in BMO^^, then there exists a global in time 
regular solution of the 3D NSE with this initial data. Note that the space 
BMO^^ is continuously embedded in B^^. The small initial data theorem 
in this larger space is unknown, but would be desirable to obtain. 

We carry out our arguments in the case of M^, but they apply to the peri- 
odic case as well. 

2. Preliminaries 

2.1. Besov spaces. We will use the notation \g = 2^ (in some inverse 
length units). Let Br denote the ball centered at of radius r in M^. Let 
us fix a nonnegative radial function x ^ C'cTl-^s) such that xiO = 1 
I'd ^ 1- We further define 

(2) ^iO = xiK'0-xiO- 

and 

(3) cpgiO = ^iK'0- 

For a tempered distribution vector field u let us denote 

Uq = J^^^{ipq) * u, for g > — 1, 
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where denotes the Fourier transform. So, we have 

oo 
q=-l 

in the sense of distributions. We also use the following notation 

q 

U<g = ^ Up. 

p=-i 

Let us recall the definition of Besov spaces. A tempered distribution u 
belongs to -Bp^oo some s G M and p > 1 iff 

ll^lls- = sup A^IImJIp < oo. 

q>-l 

2.2. Weak solutions of the 3D NSE. In this section we recall some of the 
classical definitions and results on weak solutions of the NSE. 

Definition 2.1. A weak solution of ([B on [0, T] (or [0, oo) if T = oo) is a 
function u : [0, T] L'^iR^) in the class 

u e cU[o,T]-L\R'))nLU[o,T];H\m')), 

satisfying 

(4) {u{t),^{t))+ [ {-{u,dtip) + u{Vu,Vip) + {u-Vu,if)} ds 

Jo 

= (mo,</'(0)), 

for all t G [0, T] and all test functions if G C^{[0, T] x R^) with V ■ ^ = 0. 
Here (■, ■) stands for the L^-inner product. 

Theorem 2.2 (Leray). For every uq G L^(R^), there exists a weak solution 
of ^ on [0, oo) satisfying the following energy inequality 

(5) \\u{t)\\l + 2u [ \\Vu{s)\\lds<\\u{to)\\l 

J to 

for almost all to £ [0, oo) including to = 0, and allt G [to, oo). 

Definition 2.3. A Leray-Hopf solution of © on [0, T] is a weak solution 
on [0, T] satisfying the energy inequality ^ for almost all to G (0, T) and 
allt G [to,T]. 

A weak solution u{t) of © on a time interval / is called regular if 
||M(t) 11/^^1 is continuous on I. The following is a well-known fact concern- 
ing Leray-Hopf solutions. Note that weak solutions are not known to satisfy 
this property. 
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Theorem 2.4 (Leray). Let u{t) be a Leray-Hopf solution of ([B on [0, T]. If 

for every interval of regularity (a, (3) C (0, T) 

limsup < cxD, 

f or some s > 1/2, Z5 regular on (0,T]. 

3. Main result 

In this section we state and prove our main result. Its proof is a con- 
sequence of the limiting case of other regularity criteria in the subcritical 
range of integrability parameter. We will discuss how those criteria extend 
some of the classical and newly found results on regularity. 

Theorem 3.1. Let u(t) be a Leray-Hopf solution of © on [0,T]. If u{t) 
satisfies 

(6) sup limsup [[^(t) — ^(to)!!^-! < ci/, 

tG(0,T] to^t- 

where c> Q is some absolute constant, then u{t) is regular on (0, T]. 
In particular, if 

nGC((0,T];i?-^J, 
then u{t) is regular on (0, T]. 

The following criterion will be a crucial ingredient in the proof of Theo- 
rem [3TTJ 

Lemma 3.2. Let u{t) be a Leray-Hopf solution of ^ on [0, T]. There is a 
constant c > such that ifu{t) satisfies 

(7) limsup sup A^^ II 'Ug(t) II oo < cz/, 
then u{t) is regular on (0, T]. 

Proof. Let (a, /3) C (0, T] be an interval of regularity. Let us fix e G (0,1) 
and use the weak formulation of the NSE with the test-function \]^^{uq)q. 
Then on (a, /3) we obtain 

1 f 

(8) 2J^>^\'^l'^1\\l + ^K^lugWl < A^+^ / Tr[(M ® u)^ ■ Vu^] dx. 

We can write 

{U ® U)q = rq{u, U) + Uq® U + U®Uq, 

for all g > —1, where 
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After proper cancelations we arrive at 

/ Tl[{u'^u)g-'VUg]dx = / rq{u,u) -VUqdx — / Uq-Vu-Cq+I-Uqdx. 

Let us now estimate the first term using Holder and Bernstein's inequalities 

rq{u,u) ■ VUqdx < \\rq{u,u)\\3/2Xq\\Ug\\3. 

Using Littlewood-Paley decomposition we obtain as in HI 

\\rq{u,u)\\y2< / \J^'\iPq){y)\\\u{- -y) -u{-)\\ldy 

„ / q oo \ 

-^^^ \p=^l P=q+1 J 

q oo 

p=-i p=ij+i 

Analogously, 

g+i 

Vll^plls- 



/ ■ VM<g+l -Uqdx < \\Uq\\l 



Thus, up to a constant multiple independent of u, the nonlinear term in 
([8]) is bounded by 

Q OO q+1 

p= — 1 p=q+l p= — 1 

Let us now fix Q G N and sum over g > Q in ([8]) on (a, (3) obtaining 



oo 



(9) >inuq\\l + V E \T\\nq\l <i + n + in, 

q>Q q=Q 

where 

oo q 



■pll "pll3' 
g=Q p=~l 
oo oo 

I'^pIIs' 



g=Q p=q+l 
oo <7+l 

9=Q p=-l 
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We will show that the right hand side of (0) obeys the following estimate 

oo 

(10) J + // + ///< ^ Xl'-'HWl + R{Q), 

q=Q 

where 



R{Q) = sup AniM. 



q Il"gll3- 

te(o,T), 



'q=-l 



Once this is proved, the argument goes as follows. By interpolation, II3 < 



l^ijll 2 ll^g II oo- So, 



00 



1/7 

2Jt E ^;"'1^.ll2+^ E K'-'lMl <cYl K^'\Km-'H\u+CR{Q)^ 

q=Q q=Q q=Q 

where C > is an absolute constant independent of u. Let c = u/C. 
Choosing Q so that A^^ \\uq{t) ||oo < c for all g > Q and all t G (0, T), we 
obtain 

1 (7 °° 

g=Q 

for any t E (a, 13). Since u{t) is bounded in on (0, T], it follows that 
R{Q) < 00. Hence the iJ^/^+^-norm of u{t) is bounded on (a, (3). There- 
fore u{t) is regular on (0, T] due to Theorem 12.41 

Let us now prove (flOl) . Indeed, using Young and Jensen's inequalities we 
obtain 

00 q 

i = YK\Wqh >i\Wp\\i 

q=Q p=-l 



1 



= E^r'ii^^ii3E(W)^"*4^*ii«.ii3 

q=Q p=-l 
00 00 q 



<E^rii«.ii3+^w)- 
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Similarly, 

oo oo 
q=Q p=q+l 



oo oo 

2 I e . , A 9» 4 , 2e 

- * + ||2 

> ||"p||3 



q=Q p=g+l 



oo oo oo 

3 

■Pll3 



q=Q q=Qp=q+^ 



oo 

<E^rii-.ii3- 



And finally, 

oo g+l 

^^^ = E'^J^^Kii3E^ii«pi 

q=Q p=-l 



oo g+1 



4 I 2e 



= E ' ll^'^lls E (ApA-i)i-f ||«,||3 

q=Q p=-l 
oo oo g+1 

< E ^n^^lls + E E (A.A-^)^iAj+i«,||3 

q=Q q=Qp=-i 



<E^riwi3+^(^?)- 



□ 



It is worth mentioning that this lemma immediately yields the following 
corollary. For mild solutions in the sense of Kato a similar result was proved 
in Ha. 

Corollary 3.3. Let u{t) be a Leray-Hopf solution of ^ on [0, T]. There is 
a constant c > such that ifu{t) satisfies 

then u{t) is regular on (0, T]. 

Now we are in a position to prove Theorem l3.1[ 

Proof of Theorem 1X71 Take any interval of regularity (a, /3) C (0,T]. Since 
u{t) is a Leray-Hopf solution, u(t) e C°°(]R3) for all t e {a, 13). Hence 

<p{t) := limsupA^iMg(t)||oo = 0, Vt G 

(J— >oo 
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Then, thanks to dU, < cy. This together with ^ implies that there 
exists to ^ (^5 13), such that 

limsup sup A^^||ug(s)||oo < 2ct/. 



Thus, if c is chosen to be half of what is in Lemma [321 then that lemma 
implies regularity of u(t) on (a,/3], i.e., continuity of [[^(t)!!^:/! on («,/?]. 
Hence u{t) is regular on (0, T] in view of Theorem 12.41 □ 

4. Extension of the Ladyzhenskaya-Prodi-Serin criteria 

We conclude with the following regularity criterion in the subcritical 
range of integrability exponent. 

Lemma 4.1. Let u(t) be a Leray-Hopf solution of ^ on [0, T]. There is a 
constant c > such that ifu{t) satisfies 
(11) 



sup lim limsup / (\q ^||wg(s) ||oo) ds < v'^ ^c^ ( -) 



r-l 



for some r G (2, oo), then u(t) is regular on (0, T]. 

Proof. Let C (0,T] be an interval of regularity. We use the weak 

formulation of the NSE with the test-function \'^'^^'^{uq)q. Then on 
we obtain 

(12) l^Xl^-^Uq\\l<-uXl^\\Uq\\l + Xf-' [ TT[{u(»u)q-VUq]dx. 

z at j^3 

As in the proof of Lemma l3.2[ we have the following bound on the nonlinear 
term 



/ Ti[iu(g)u)q-Vuq]dx<CiJ2x,t,X 



p=-i 

where Ci > is an absolute constant. Thanks to Young and Jensen's in- 
equalities. 



2r||„, ||2r 



p=-i 

where 

X r-l 
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and C > is an absolute constant independent of u. Therefore on (a, (3) 

we have 

(13) 

^ , oo 

oo 

<M)-i ^ A^^^^|A;||n,||r + i?(Q), 

P=Q+l 

where 



R{Q) = M)-i sup ^ X;\\u,\\f, 

r G (2, oo), and Q eN. Note that since u{t) is bounded in on (0, T], we 
have R{Q) < oo. 

Now assume that (fTTI) holds for c = (C-\/24)^^- Then there exist to ^ 
(a, /?) and Q large enough, such that 

sup / (Ag" ||m5(s)||oo)'"c?s < ^A. 
q>Q J to 



Let t G {to,l3). Integrating (fT3l) we obtain 
(14) sup Af-2||«,(.)||r-Af-l«,(to)|ir 



se(to,i) 



<2A-W 5^ X;l^^X;\\u,{s)\\fds + R{Q){t-to). 

Jtn ^ , 1 



*o p=Q+l 

Thanks to Levi's convergence theorem we have 



t °° 



< sup sup Ap^ ^||^p('5)||2'' / v^p iiu'pv'^iioo; ""^ r / ^ 



*0 p=Q+l 

/* 2 "I „ 

{xr'\\up{s)\\ooyds\Y,x-;: 
J J p=i 

<6sup<^ sup Aj''~^||Mp(s)||2'' > sup / {X'q ^\\up{s)\\ooy ds 
p>Q [se(to,t) J p>QJto 

< \Asnp sup A2^'^lnp(s)||2'-. 

p>Qse(io,i) 

Hence, taking the supremum of (fT4l) over q > Q,we obtain 

isup sup Af-lw,(s)||r'<supAf-lw,(to)|ir + ^(Q)(i-^o). 
g>(3se(to,i) q>Q 
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Letting t ^ /3 we now have 

sup sup Xq II2 < CXD. 

q>Q sG(to,/3) 

Thus, since r > 2, the solution u(t) is bounded in H'^ on (to, P) for some 
s > 1/2, which implies regularity in view of Theorem 12 .41 □ 

Let us now see how this lemma implies an extension of the classical 
Ladyzhenskaya-Serin-Prodi condition in the subcritical range of integrabil- 
ity exponent. Indeed, by Bernstein inequalities and Littlewood-Paley The- 
orem we have the inclusions 

-4-- — 1 -—1 

-'-'3,00 -'->00,OQ) 

for all s > 1. On the other hand, as an easy consequence of Lemma l4.1l we 
have the following theorem. 

Theorem 4.2. Let u{t) be a Leray-Hopf solution of ©on [0, T] satisfying 

(15) UE L'{iO,T);Bl~L), 

for some r G (2, 00). Then u{t) is regular on (0, T]. 

Let us also note that for a negative smoothness parameter as in (fTSl) . the 
homogeneous version of the Besov space is smaller than the nonhomoge- 
neous one, i.e., 

-B(5d,oo C -B(5d,oo, for all r > 2. 
In view of this fact. Theorem 14.21 extends the corresponding result obtained 
recently by Q. Chen and Z. Zhang in [3J. 

References 

[1] M. Cannone, Harmonic analysis tools for solving the incompressible Navier-Stokes 
equations. Handbook of Mathematical Fluid Dynamics, vol 3 (eds. S. Friedlander and 
D. Serre, Elsevier, 2003. 

[2] M. Cannone and F. Planchon, More Lyapunov functions for the Navier-Stokes equa- 
tions. The Navier-Stokes equations: theory and numerical methods (Varenna, 2000), 
Lecture Notes in Pure and Appl. Math., 223, Dekker, New York, (2002), 19-26,. 

[3] Q. Chen and Z. Zhang, Space-time estimates in the Besov spaces and the Navier-Stokes 
equsitions. Methods Appl. Anal. 13 (2006), 107-122. 

[4] A. Cheskidov, P. Constantin, S. Friedlander, and R. Shvydkoy, Energy con- 
servation and Onsager's conjecture for the Euler equations, submitted (2007), 
arXiv:0704.2089vl [math.AP]. 

[5] L. Escauriaza, G. Seregin, and V. Sverak, -L3.00 -solutions to the Navier-Stokes equa- 
tions and backward uniqueness, Russian Mathematical Surveys 58 (2003), 21 1-250. 

[6] H. Fujita and T. Kato, On the Navier-Stokes initial problem I, Arch. Rational Mech. 
Anal. 16(1964), 269-315. 



SOLUTIONS OF 3D NSE IN B"^, 



11 



[7] Y. Giga, Solutions for semilinear parabolic equations in and regularity of weak 
solutions of the Navier-Stokes system, J. Differential Eq., 62 (1986), 186-212. 

[8] H. Koch and D. Tataru, WeU-posedness for the Navier-Stokes equations, Adv. Math. 
157 (2001), 22-35. 

[9] J. Leray, Sur le mouvement d'un liquide visqueux emplissant I'espace, Acta Math. 63 
(1934), 193-248. 

[10] O. A. Ladyzhenskaya, On the uniqueness and smoothness of generalized solutions to 
the Navier-Stokes equations. Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. 
(LOMI) 5 (1967), 169-185; English transl., Sem. Math. V. A. Steklov Math. Inst. 
Leningrad 5 (1969), 60-66. 

[11] G. Prodi, Un teorema di unicita per le equazioni di Navier-Stokes, Ann. Mat. Pura 
Appl. 48(1959), 173-182. 

[12] J. Serrin, The initial value problem for the Navier-Stokes equations, 7965 Nonlinear 
Problems, Proc. Sympos., Madison, Wis. pp. 69-98 Univ. of Wisconsin Press, Madi- 
son, Wis. (1963). 

[13] W. von Wahl, Regularity of weak solutions of the Navier-Stokes equations, Proc. 
Symp. Pure Appl. Math., 45 (1986), 497-503. 

(A. Cheskidov) Department of Mathematics, University of Chicago, 5734 

S. University Avenue, Chicago, IL 60637 

E-mail address: acheskidSmath . uchicago . edu 

(R. Shvydkoy) Department of Mathematics, Stat, and Comp. Sci., Univer- 
sity OF Illinois, Chicago, IL 60607 

E-mail address: shvydkoygmath . uic . edu 



